Abstract. The classical hydrodynamic equations can be extended to include quantum effects by incorporating the first quantum corrections. These quantum corrections are O(h2).
1. Introduction. The behavior of a quantum fluid near thermal equilibrium and in the high temperature limit can be approximated by adding O(h2) corrections to the classical fluid dynamical equations. The O(h2) terms allow particle tunneling through potential barriers and particle buildup in potential wells.
The primary application of various quantum hydrodynamic (QHD) equations to date has been in analyzing the flow of electrons in quantum semiconductor devices. The QHD equations, however, are quite general and may find applications in other areas of physics, e.g., fluid models of the nucleus, superconductivity, and superfluidity.
In this investigation, we derive the QHD equations from a moment expansion of the Wigner-Boltzmann equation [31] and solve the QHD equations numerically to simulate electron flow in the resonant tunneling diode.
The QHD model is introduced in 2, and the first derivation of the full three-dimensional (3D) QHD equations from a moment expansion of the Wigner-Boltzmann equation is presented in 3. The QHD transport equations are expressed in terms of conservation laws for particles, momentum, and energy. The quantum correction to the stress tensor appearing in the QHD equations was derived by Ancona, Iafrate, and Tiersten [1] , [2] . In the one-dimensional (1D) case, the 3D QHD equations reduce to the QHD model of Grubin and Kreskovsky [14] .
A different set of 3D QHD equations was proposed in [34] . However, this QHD model does not agree with the QHD equations derived here from the O(h2) thermal equilibrium Wigner distribution function, that, we believe, must give the leading behavior of the quantum corrections.
In 4 the 3D QHD equations are classified as having two Schr6dinger modes, two hyperbolic modes, one parabolic mode, and one elliptic mode, and well-posed boundary conditions are specified for the 1D resonant tunneling diode. The second upwind discretization of the 1D QHD equations is presented in 5.
Numerical simulations of a resonant tunneling diode were presented in [14] and [32] using the 1D QHD model. The simulations in [14] show negative differential resistance (NDR) for a resonant tunneling diode at 77 K using only the first two moments (1) and (2) [32] applies the full 1D QHD model in simulating a resonant tunneling diode at 300 K, but fails to find NDR.) In 6 the first simulations of the full 1D QHD equations are presented that show NDR in the resonant tunneling diode. An analysis of electron behavior in the diode is given in terms of the fluid dynamical quantities density, velocity, and temperature. The computed current-voltage curve for the resonant tunneling diode agrees quantitatively with experimental measurements. Finally, NDR is interpreted in terms of the time spent by electrons in the quantum well (see [14] (2) and (3) represent electron scattering, which is modeled by the standard relaxation time approximation with momentum and energy relaxation times rp and 'w.
The classical hydrodynamic equations can be derived from physical arguments or from a moment expansion of the Boltzmann equation. 2 The quantum conservation laws have the same form as their classical counterparts. However, to close the 1The collision terms may include the effects of electron-phonon and electron-impurity collisions, intervalley and interband scattering, etc.
Whitham [30] gives a clear account of the physical arguments leading to the classical hydrodynamic equations. For a derivation of the hydrodynamic model for semiconductor devices from the Boltzmann equation, see [25] . moment expansion at three moments, we must define, for example, II, Po, W, and q in terms of n, u, and T, where T is the electron temperature.
We assume that the heat flux is specified by the Fourier law q K VT. Section 3 shows that, for the O(h2) "momentum-shifted" thermal equilibrium Wigner distribution function, the momentum density I1 mnu i, where rn is the effective electron mass, the stress tensor is given by h2n 092 log(n) + O(h4), (4) Pii -nT6il q 12m Ox 3x and the energy density is given by 3 1 h2n 72 log(n) + O(h4). The quantum correction to the energy density was first derived by Wigner [31] . The quantum correction to the stress tensor was proposed by Ancona and Tiersten [2] on general thermodynamical grounds and derived by Ancona and Iafrate [1] in the Wigner formalism. The stress tensor is related to the quantum potential of Bohm [22] [31] and an expansion of the thermal equilibrium Wigner distribution function to 0(2).
To derive the QHD equations, we assume that the electron flow can be approximated by a single-particle effective mass Schr6dinger equation with a self-consistent many-body field, (9) For a pure quantum mechanical state described by a wavefunction 0(x,t), the Wigner distribution function is defined as (10) fw(x, p) ("/r) - For a mixed quantum mechanical state described by wavefunctions tpa(x, t)with occupation numbers aa, the Wigner distribution function is defined as (11) fw(x, p) (vrh)
Here E a M, where M is the total number of electrons in the system. We assume that the a's vary slowly with x and t. For a mixed state in thermal equilibrium with a heat bath at temperature T =-1//3, aa ce -tE". Equations (10) and (11) (12) )global fd3xd3pA(x, P)fw (x, P)-When A(x,p) is the sum of a function of p and a function of x (all physically important operators including the Hamiltonian are of this form), (12) is equivalent to (13) (18) by parts, we obtain (19) powers of p/ against fw(x, p) in (16) to obtain conservation laws for particle number, momentum, and energy [15] , [27] . Integrating a function X(P) with respect to p against the Wigner-Boltzmann equation, we obtain (20) The quantum conservation laws have the same form as their classical counterparts.
Explicit factors of h enter only at the fourth ( 2' (PjPZ/2m2)) and higher moments due to the structure of the average value in the third term on the left-hand side of (20) .
To calculate the average values in the first three moment equations, we use the "momentum-shifted" version of the O(hz) solution [31] to (16) (24) (24) and expanding p according to (25) , we obtain (27) ( Pi) Hi mnui, (28) [33] .) Note that H mnu is exact to all orders in for the Wigner distribution function given by (24) . The definitions in (27) - (30) in terms of the Wigner distribution function have the same form as the classical definitions (see [30] ) in terms of the Boltzmann distribution function. Substituting the expressions (27) - (30) into the moment equations (21)- (23), we derive the collisionless QHD model ( (1)- (3) The classical equations of compressible fluid dynamics are derived for dilute gases from a moment expansion of the Boltzmann equation by assuming that the distribution function of the gas particles is locally a velocity-shifted Maxwellian and that n, u, and T vary slowly with x and t. However, the resulting conservation laws of compressible fluid dynamics are much more generally valid. Similarly, we expect the QHD equations to be more generally valid than the conditions under which they were derived and to apply to electron flow that is not near thermal equilibrium. In addition to the assumption that the electron flow is near thermal equilibrium, the QHD transport equations were derived assuming that V is sufficiently smooth to have a Taylor series expansion. The potential energy of the resonant tunneling diode, however, has abrupt "jumps" at the GaAs/AlxGal_xAs heterojunctions (see Fig. 7 with a bias AV across the device: V(Xmin) Tlog(n/ni) and V(xmax) T log(n/ni) + e AV, where n is the intrinsic electron concentration.
5. The second upwind method for the 1D QHD model. In this section, the 1D steady-state QHD equations are discretized using an upwind method adapted from computational fluid dynamics. 4 where J is the Jacobian and is a damping factor [4] between 0 and 1, chosen to insure that the norm of the residual f decreases monotonically.
5The second upwind method is a conservative extension of the original first-order upwind method;
see, e.g., [24] .
6. QHD simulations of the resonant tunneling diode. The QHD model allows efficient simulation of the behavior of quantum devices that depend on particle tunneling through potential barriers and charge buildup in potential wells. Simula where the low-energy momentum relaxation time p0 is set equal to 0.9 ps from the low-field electron mobility in GaAs at 77 K. The low-field electron mobility 0 is related to 'p0 by p0 m l2,no/e, where 0 =,25,000 cm2/Vs (see [28] and [7] The peak of the current-voltage curve occurs as the electrons tunneling through the first barrier come into resonance with the ground state of the quantum well. Note the presence of a "shoulder" in the current-voltage curve around AV= 0.25 volts (cf. [29] [21] , [23] ). In fact, for the device parameters of [23] , the QHD code predicts a peak-to-valley current ratio of 2.65 (with K0 Figure 3 shows the dramatic charge enhancement in the quantum well typical of the resonant tunneling diode for applied voltages of AV= 0.097 (peak), 0.191 (valley), and 0.22 volts (just before the shoulder). The electron density at the center of the quantum well increases as AV increases and is more than two orders of magnitude larger than the background doping density. Note the depletion of electrons around the channeldrain junction. Figure 4 presents the electron velocities for the same set of applied voltages. Of special note is the fact that the lowest velocity in the well occurs at the voltage mVvalley at which the current-voltage valley occurs. The electrons spend significantly more time in the quantum well (where the velocity is low) than in the barriers (where the velocity is high) [14] .
As illustrated in Fig. 5 [17] or density matrix [8] methods for simulating the resonant tunneling diode include quantum effects to all orders in h, the QHD method is much less computationally intensive and includes the same physics if the expansion parameter h2/8mTl 2 is small. The more complete quantum mechanical methods also have technical drawbacks: The density matrix has "off-diagonal" terms that are difficult to interpret physically and requires the computation of a set of eigenvalues and eigenfunctions, while the Wigner function method requires complicated initial conditions for simulations.
Since the QHD equations have the same form as the classical fluid dynamical equations, well-understood classical boundary conditions can be applied in simulating quantum devices. How to impose proper boundary conditions for full quantum mechanical approaches is still an open question (see [9] ). Moreover, the QHD equations are expressed in terms of the fluid dynamical quantities density, velocity, and temperature. These classical fluid dynamical concepts enable us to interpret electron behavior in quantum devices in a physically intuitive way. We can define the time spent by an electron in the quantum well or the electron temperature throughout the device in a precise manner, in turn, the intuitive understanding developed through the QHD model sheds light on more fully quantum mechanical descriptions of electron behavior in quantum devices. 
